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Abstract
This article is concernedwith a universal version of projected reflected gradientmethod
with new step size for solving variational inequality problem in Hilbert spaces. Under
appropriate assumptions controlled by the operators and parameters, we acquire the
weak convergence of the proposed algorithm.Moreover, we establish an R-linear con-
vergence rate of our method on the condition that the relevant mapping is strongly
monotone. We rework our first algorithm so that it can be simplified to several gener-
alized methods in the literature. The efficacy and availability of our proposed iterative
scheme are demonstrated in numerical experiments.
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1 Introduction

Let’s assume that C is a nonempty, closed and convex subset of a real Hilbert space
H . Then, we think about the variational inequality problem (VIP, for short) as below:
Find u∗ ∈ C with

〈Au∗, u − u∗〉 ≥ 0, ∀u ∈ C, (1)

where A : C → H is a given mapping and it is continuous. The solution set of (1) is
expressed as S := V I (C, A) and we assume S 	= ∅.

VIP can be used as a fundamental tool in a broad range of optimization problems,
economics and other associated problems (see, for example, [1–5]), so it has attracted
the attention of many researchers. Therefore, many reseachers have come up with a
great deal of different iterative methods for solving VIP (see, for example, [13, 15, 16,
23, 25, 28–33, 35]).

One of the researchers, Korpelevich, put forward the extragradient method in [6],
whose iterative process is the following form:

{
vn = PC (un − μAun) ,

un+1 = PC (un − μAvn) , n ≥ 0,
(2)

where u0 ∈ C , μ ∈ (0, 1
L ) and L > 0. We have to estimate the operator A twice

and do two projections on C in each iteration. Sometimes, if C is a complex set, two
projections will seriously affect the effectiveness and usage of the method.

To decrease the calculation cost of (2),many authors have tried to reduce the number
of projections. Censor et al. [20] came up with the subgradient extragradient method
and the iterative process of the new method is obtained by:

⎧⎨
⎩

vn = PC (un − μAun) ,

Tn := {w ∈ H : 〈un − μAun − vn, w − vn〉 ≤ 0} ,

un+1 = PTn (un − μAvn) , n ≥ 0,
(3)

where u0 ∈ H , μ ∈ (0, 1
L ) and L > 0. Apparently, (3) still needs to calculate the

operator A twice in each iteration. The second projection of (3) is projected into the
half space Tn , which possesses an explicit formula. Thus, the subgradient extragradient
method is better than the extragradient method.

Later, Malitsky and Semenov referred to the ideas of algorithms in [20, 21] and
showed an effective and improved algorithm in [22]:

⎧⎨
⎩
Tn := {w ∈ H : 〈un − μAvn−1 − vn, w − vn〉 ≤ 0} ,

un+1 = PTn (un − μAvn) ,

vn+1 = PC (un+1 − μAvn) , n ≥ 0,
(4)

where μ ∈ (0, 1
3L ]. This method only computes one projection onto the admissible

set per one iteration.
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In 2015, the projected reflected gradient method was discovered by Malitsky in [7]
and its iterative process as below:

{
un+1 = PC (un − μn Avn) ,

vn+1 = (2un+1 − vn) , n ≥ 0,
(5)

where μn ∈ (0,
√
2−1
L ) and L > 0. In each iteration, (5) is same with (4) regarding the

number of projections onto the admissible set. However, this method holds a simpler
form.Many authors have proposed a great deal of improved schemes (see, for example,
[8, 18, 24, 26, 27]), which are based on the projected reflected gradient method.

Dong et al. [9] introduced a general inertial projected gradient method to find a
solution for VIP, its form is that: u0 ∈ C and v0, ω0 ∈ H ,

⎧⎨
⎩
un+1 = PC (ωn − μn Avn) ,

vn+1 = un+1 + δ (un+1 − un) ,

ωn+1 = un+1 + θ (un+1 − un) , n ≥ 0,
(6)

where δ ∈ (1,∞) and θ ∈ [0, δ(δ−1)
3δ2−1

). The differences between this method and above
methods are that it takes an adaptive step size and uses the inertial extrapolation step.

Olaniyi and Yekini combined the characteristics of the above algorithms and
developed a generalized projected reflected gradient method in [11]: u0 ∈ C and
v0, ω0 ∈ H , ⎧⎨

⎩
un+1 = PC (ωn − μn Avn) ,

vn+1 = un+1 + δ (un+1 − un) ,

ωn+1 = un+1 + θ (un+1 − un) , n ≥ 0,
(7)

where δ > 0, 0 ≤ θ < δ
2δ+1 and 2δ

2(1−3θ) > δ−θ+2δθ .We notice that thismethod
selects two inertial parameters and only computes one projection and an operator in
each iteration.

Based on the understanding of above algorithms, we innovate a new projected gra-
dient method for the sake of solving VIP. We testify the weak and linear convergence
of our algorithm in detail. The biggest highlight of our algorithm is that it combines
a variable step size, which is controlled by multiple parameters δ, θ and ε. Moreover,
we improve our algorithm into a new one, which can be simplified to some classical
methods in the literature. The improvements of our article are not only reflected in
the parameters, but also in the definition of step size. It is apparent to observe that we
can make numerous accelerated improvements and repeatedly optimize our algorithm
by our ideas. The data experiments show that if different parameters are adopted, the
convergence rate of our algorithm can be improved in different degrees.

The rest of our article is structured as below: In Sect. 2, we review some definitions
and lemmas to be adopted in our convergence analysis. Our own algorithm is on
display in Sect. 3. In Sect. 4, the weak and linear convergence of our algorithm are
verified in detail. In Sect. 5, we innovate a modified algorithm with an improved step
size. Section6 mainly includes our numerical experiments and Sect. 7 expresses the
conclusions.
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2 Preliminaries

In this section, we will state some basic definitions and lemmas used in the text.
Let H be a real Hilbert space and C be a nonempty, closed and convex subset of

H . The weak convergence of {un}∞n=1 to u is denoted by un⇀u as n → ∞, while the
strong convergence of {un}∞n=1 to u is denoted by un → u as n → ∞.

Definition 1 If C is a nonempty, closed and convex subset of H . In that way, PC is
called the metric projection of H ontoC , if for any x ∈ H , we have a unique PCx ∈ C
such that

‖x − PCx‖ ≤ ‖x − v‖, ∀v ∈ C .

It is easy to see that PC is a firmly nonexpansive mapping of H onto C , that is,

〈u − v, PCu − PCv〉 ≥ ‖PCu − PCv‖2, ∀ u, v ∈ H .

Moreover, we have
〈u − PCu, PCu − v〉 ≥ 0, ∀v ∈ C,

which implies that

‖u − v‖2 ≥ ‖u − PCu‖2 + ‖v − PCu‖2, ∀u ∈ H , v ∈ C .

Definition 2 If A : H → H is an operator,
(i) A is said to be L-Lipschitz continuous if there exists some L > 0 such that

‖Au − Av‖ ≤ L‖u − v‖, ∀ u, v ∈ H .

(ii) A is said to be γ -strongly monotone if there exists some γ > 0 such that

〈Au − Av, u − v〉 ≥ γ ‖u − v‖2, ∀ u, v ∈ H .

(iii) A is said to be monotone, if

〈Au − Av, u − v〉 ≥ 0, ∀ u, v ∈ H .

Lemma 1 ([12]) The following two equalities are common in H:

(i) 2〈u, v〉 = ‖u‖2 +‖v‖2 −‖u− v‖2 = ‖u+ v‖2 −‖u‖2 −‖v‖2, ∀u, v ∈ H;
(ii) ‖αu+ (1−α)v‖2 = α‖u‖2 + (1−α)‖v‖2 −α(1−α)‖u− v‖2, ∀u, v ∈ H

and α ∈ R.

Lemma 2 ([19]) Given a mapping A : C → H and z ∈ C, if A is continuous and
monotone. Then z ∈ S ⇔ 〈Au, u − z〉 ≥ 0, ∀u ∈ C .

Lemma 3 ([7]) Suppose that {sn} and {tn} are two real sequences, for any n ≥ 0,
sn ≥ 0 and tn ≥ 0. If we have the following inequality:

sn+1 ≤ sn − tn,
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then we get that {sn} is bounded and limn→∞ tn = 0.

Lemma 4 ([18]) Let {sn} and {tn} be two sequences of nonnegative numbers such that

sn+1 + tn+1 ≤ (1 − ρ)sn + rρsn−1 + r tn,

where ρ ∈ (0,+∞) and r ∈ (0, 1). Then the sequence {sn} converges linearly to 0.

3 Proposed algorithm

Now we introduce our first algorithm for solving VIP, which is derived from the
projected gradient method in [11]. In order to precisely obtain the weak and linear
convergence results of our method, we need the following conditions:

(C1) C is a nonempty, closed and convex subset of H .
(C2) A : H → H is monotone and L-Lipschitz continuous.
(C3) The solution S for VIP is nonempty.
(C4) δ > 1, ε > 0.
(C5) θ ∈ [0,∞), 0 ≤ θ < δ

2δ+1 and 2δ2(1 − 3θ) > δ − θ + 2δθ .

We provide a new algorithm as follows:

Algorithm 1 Projected reflected gradient method with adaptive step size.
Initialization: Let μ0 > 0 and set n := 0. Assume

η = min{ δ − (1 + 2δ)θ

2δ2(ε2 + ε + 1)
,
(δ − θ)

2δ2
ε

ε + 1
,

2δ2(1 − 3θ) − δ + θ − 2δθ

2δ2(ε2 + ε + 1)
,
2δ2(1 − 3θ) − δ + θ

2δ2
ε

ε + 1
},

choose η ∈ (0, η) and let u0 ∈ C, v0, ω0 ∈ H be any three starting points.
Iterative Steps: un+1 is determined via the previous vn and ωn as follows:
Step 1. Compute ⎧⎨

⎩
un+1 = PC (ωn − μn Avn),

vn+1 = un+1 + δ(un+1 − un),

ωn+1 = un+1 + θ(un+1 − un).

If we have ωn = vn = un+1, then Stop. Conversely, go to Step 2.
Step 2. Let

ρn := (ε + 1)‖vn−1 − un‖2 + ε + 1

ε
‖un − vn‖2 + ε2‖un+1 − vn‖2,

and turn the original step size into a new

μn+1 =
{

μn , if〈Avn − Avn−1, vn − un+1〉 ≤ 0,

min{ ηρn〈Avn−Avn−1,vn−un+1〉 , μn}, otherwise.
(8)

Step 3. Next: set n := n + 1 and go to Step 1.
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Remark 1 We see that {μn} is a decreasing sequence, which holds a positive lower
bound:

μn ≥ min{μ0,
2εη

L
} > 0, ∀n ≥ 0.

It is easy to see that μn+1 ≤ μn,∀n ≥ 0. Observe that

‖vn − vn−1‖2
= ‖vn − un‖2 + ‖un − vn−1‖2 + 2〈vn − un, un − vn−1〉
≤ ‖vn − un‖2 + ‖un − vn−1‖2 + 2‖vn − un‖‖un − vn−1‖
≤ ‖vn − un‖2 + ‖un − vn−1‖2 + 1

ε
‖vn − un‖2 + ε‖un − vn−1‖2

≤ ε + 1

ε
‖vn − un‖2 + (ε + 1)‖un − vn−1‖2.

From the definition of ρn , when 〈Avn−1 − Avn, un+1 − vn〉 > 0, we know that

ηρn

〈Avn − Avn−1, vn − un+1〉
≥ η(‖vn − vn−1‖2 + ε2‖un+1 − vn‖2)

〈Avn − Avn−1, vn − un+1〉
≥ 2εη‖vn − vn−1‖‖un+1 − vn‖

〈Avn − Avn−1, vn − un+1〉
≥ 2εη

L
,

which implies

μn ≥ min{μ0,
2εη

L
}, ∀n ≥ 0.

So, there exists μ > 0 such that

lim
n→∞ μn = μ ≥ min{μ0,

2εη

L
} > 0.

4 Convergence results

This section considers the weak convergence of Algorithm 1. Meanwhile, the linear
convergence rate of the Algorithm 1 is shown in detail.

4.1 Weak convergence

First, we establish a lemma that plays a crucial role in our discussion of convergence.
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Lemma 5 Suppose that the conditions (C1)-(C5) are satisfied and {un} is a sequence
generated by Algorithm 1. For any u∗ ∈ S, let

sn = ‖un − u∗‖2 − θ‖un−1 − u∗‖2 + 2θ‖un − un−1‖2

+ [ θμn

δμn−1
+ 2η(ε + 1)

μn

μn+1
]‖un − vn−1‖2 + 2μn−1δ〈Au∗, un−1 − u∗〉,

and

tn = [1 − 3θ − (δ − θ)μn

δ2μn−1
+ μn

2μn−1δ
− βn

2
]‖un+1 − un‖2,

where

βn = max{ (δ + 1)θμn

δ2μn−1
+ 2ηε2

μn

μn+1
+ θμn+1

δμn
+ 2η(ε + 1)

μn+1

μn+2
,

θμn

δ2μn−1
+ 2η

ε + 1

ε

μn

μn+1
}.

Then there exists some n0 ∈ N such that sn+1 ≤ sn − tn and tn ≥ 0 for any n ≥ n0.

Proof Since un = PC (wn−1 − μn−1Avn−1), we have

〈un − ωn−1 + μn−1Avn−1, u − un〉 ≥ 0, ∀u ∈ C . (9)

First let u = un+1 and substitute it into (9), we obtain

〈un − ωn−1 + μn−1Avn−1, un+1 − un〉 ≥ 0, (10)

then let u = un−1 and substitute it into (9), we have

〈un − ωn−1 + μn−1Avn−1, un−1 − un〉 ≥ 0. (11)

Substituting δ times of (11) into (10), we get

〈un − ωn−1 + μn−1Avn−1, un+1 − un + δ(un−1 − un)〉 ≥ 0. (12)

Owing to vn = un + δ(un − un−1), we get

〈un − ωn−1 + μn−1Avn−1, un+1 − vn〉 ≥ 0. (13)

Equivalently, we get

〈μn−1Avn−1, vn − un+1〉 ≤ 〈un − ωn−1, un+1 − vn〉. (14)
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By ωn = un + θ(un − un−1), we obtain

un − ωn−1 = un − un−1 − θ(un−1 − un−2)

= un − un−1 − θ

δ
[(un − un−1) − (un − vn−1)]

= δ − θ

δ
(un − un−1) + θ

δ
(un − vn−1)

= δ − θ

δ2
(vn − un) + θ

δ
(un − vn−1).

(15)

Observe that

2〈vn − un, un+1 − vn〉 = ‖un+1 − un‖2 − ‖un − vn‖2 − ‖un+1 − vn‖2,

and

2〈un − vn−1, un+1 − vn〉
= ‖un − vn−1‖2 + ‖un+1 − vn‖2 − ‖un − vn−1 − un+1 + vn‖2
≤ ‖un − vn−1‖2 + ‖un+1 − vn‖2.

Substituting (15) into (14), we get

2μn〈Avn−1, vn − un+1〉
≤ 2μn

μn−1
〈un − ωn−1, un+1 − vn〉

= 2μn(δ − θ)

μn−1δ2
〈vn − un, un+1 − vn〉 + 2μnθ

μn−1δ
〈un − vn−1, un+1 − vn〉

≤ μn(δ − θ)

μn−1δ2
[‖un+1 − un‖2 − ‖un − vn‖2 − ‖un+1 − vn‖2]

+ μnθ

μn−1δ
[‖un − vn−1‖2 + ‖un+1 − vn‖2]

= (δ − θ)μn

δ2μn−1
‖un+1 − un‖2 + (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2

+ θμn

δμn−1
‖un − vn−1‖2 + [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(16)

From un+1 = PC (wn − μn Avn), we have that for any u ∈ C

〈un+1 − ωn + μn Avn, u − un+1〉 ≥ 0.

In particular, we have

2〈un+1 − ωn + μn Avn, un+1 − u∗〉 ≤ 0. (17)
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Combining (16) and (17), we get

2μn〈Avn−1, vn − un+1〉 + 2〈un+1 − ωn + μn Avn, un+1 − u∗〉
≤ (δ − θ)μn

δ2μn−1
‖un+1 − un‖2 + (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2

+ θμn

δμn−1
‖un − vn−1‖2 + [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2,

(18)

which is equal to

2μn〈Avn−1 − Avn, vn − un+1〉
+ 2μn〈Avn, vn − u∗〉 + 2〈un+1 − ωn, un+1 − u∗〉

≤ (δ − θ)μn

δ2μn−1
‖un+1 − un‖2 + (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2

+ θμn

δμn−1
‖un − vn−1‖2 + [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(19)

Also, we have

2〈un+1 − ωn, un+1 − u∗〉
= ‖un+1 − ωn‖2 + ‖un+1 − u∗‖2 − ‖ωn − u∗‖2. (20)

So, we write (19) as

‖un+1 − u∗‖2
≤ ‖ωn − u∗‖2 − ‖un+1 − ωn‖2 + 2μn〈Avn−1 − Avn, un+1 − vn〉

− 2μn〈Avn, vn − u∗〉 + (δ − θ)μn

δ2μn−1
‖un+1 − un‖2

+ (
θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2 + θμn

δμn−1
‖un − vn−1‖2

+ [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(21)

From the definition of μn , we get

2μn〈Avn−1 − Avn, un+1 − vn〉
= μn

μn+1
2μn+1〈Avn−1 − Avn, un+1 − vn〉

≤ μn

μn+1
2η[(ε + 1)‖un − vn−1‖2

+ ε + 1

ε
‖un − vn‖2 + ε2‖un+1 − vn‖2].

(22)
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Since A is monotone, it is obvious that

2μn〈Avn, vn − u∗〉 ≥ 2μn〈Au∗, vn − u∗〉. (23)

Since

vn − u∗ = un + δ(un − un−1) − u∗

= (1 + δ)(un − u∗) − δ(un−1 − u∗).
(24)

Therefore, we get

2μn〈Au∗, vn − u∗〉
= 2μn〈Au∗, (1 + δ)(un − u∗) − δ(un−1 − u∗)〉
= 2μn(1 + δ)〈Au∗, un − u∗〉 − 2μnδ〈Au∗, un−1 − u∗〉.

(25)

By (23) and (25), we get

2μn〈Avn, vn − u∗〉
≥ 2μn(1 + δ)〈Au∗, un − u∗〉 − 2μnδ〈Au∗, un−1 − u∗〉. (26)

From (21), (22) and (26), we have

‖un+1 − u∗‖2
≤ ‖ωn − u∗‖2 − ‖un+1 − ωn‖2

+ μn

μn+1
2η[(ε + 1)‖un − vn−1‖2 + ε + 1

ε
‖un − vn‖2 + ε2‖un+1 − vn‖2]

− 2μn(1 + δ)〈Au∗, un − u∗〉 + 2μnδ〈Au∗, un−1 − u∗〉
+ (δ − θ)μn

δ2μn−1
‖un+1 − un‖2 + (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2

+ θμn

δμn−1
‖un − vn−1‖2 + [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(27)

Since

2〈un+1 − un, un − un−1〉
= ‖un+1 − un‖2 + ‖un − un−1‖2 − ‖un+1 + un−1 − 2un‖2
≤ ‖un+1 − un‖2 + ‖un − un−1‖2,

we get

‖un+1 − ωn‖2 = ‖(un+1 − un) − θ(un − un−1)‖2
= ‖un+1 − un‖2 − 2θ〈un+1 − un, un − un−1〉 + θ2‖un − un−1‖2
≥ (1 − θ)‖un+1 − un‖2 + θ(θ − 1)‖un − un−1‖2.

(28)
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From Lemma 1, we obtain that

‖ωn − u∗‖2 = ‖(1 + θ)(un − u∗) − θ(un−1 − u∗)‖2
= (1 + θ)‖un−u∗‖2−θ‖un−1−u∗‖2+θ(1 + θ)‖un − un−1‖2.

(29)

Putting (28) and (29) into (27), we attain

‖un+1 − u∗‖2
≤ (1 + θ)‖un − u∗‖2 − θ‖un−1 − u∗‖2 + θ(1 + θ)‖un − un−1‖2

− (1 − θ)‖un+1 − un‖2 − θ(θ − 1)‖un − un−1‖2

+ μn

μn+1
2η[(ε + 1)‖un − vn−1‖2 + ε + 1

ε
‖un − vn‖2 + ε2‖un+1 − vn‖2]

− 2μn(1 + δ)〈Au∗, un − u∗〉 + 2μnδ〈Au∗, un−1 − u∗〉
+ (δ − θ)μn

δ2μn−1
‖un+1 − un‖2 + (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2

+ θμn

δμn−1
‖un − vn−1‖2 + [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(30)

Equivalently, we have

‖un+1 − u∗‖2
≤ ‖un − u∗‖2 + θ [‖un − u∗‖2 − ‖un−1 − u∗‖2]

+ [ (δ − θ)μn

δ2μn−1
+ θ − 1]‖un+1 − un‖2 + 2θ‖un − un−1‖2

+ μn

μn+1
2η[(ε + 1)‖un − vn−1‖2 + ε + 1

ε
‖un − vn‖2 + ε2‖un+1 − vn‖2]

− 2μn(1 + δ)〈Au∗, un − u∗〉 + 2μnδ〈Au∗, un−1 − u∗〉
+ (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2 + θμn

δμn−1
‖un − vn−1‖2

+ [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(31)
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Observe thatμn ≤ μn−1. At the same time, since u∗ ∈ S, we know that 〈Au∗, un −
u∗〉 ≥ 0 and 〈Au∗, un−1 − u∗〉 ≥ 0. So we get that

‖un+1 − u∗‖2
≤ ‖un − u∗‖2 + θ [‖un − u∗‖2 − ‖un−1 − u∗‖2]

+ [ (δ − θ)μn

δ2μn−1
+ θ − 1]‖un+1 − un‖2 + 2θ‖un − un−1‖2

+ μn

μn+1
2η[(ε + 1)‖un − vn−1‖2 + ε + 1

ε
‖un − vn‖2 + ε2‖un+1 − vn‖2]

− 2μnδ〈Au∗, un − u∗〉 + 2μn−1δ〈Au∗, un−1 − u∗〉
+ (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2 + θμn

δμn−1
‖un − vn−1‖2

+ [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(32)

Therefore from (32), we have

‖un+1 − u∗‖2 − θ‖un − u∗‖2 + 2θ‖un+1 − un‖2

+ [θμn+1

δμn
+ 2η(ε + 1)

μn+1

μn+2
]‖un+1 − vn‖2 + 2μnδ〈Au∗, un − u∗〉

≤ ‖un − u∗‖2 − θ‖un−1 − u∗‖2 + 2θ‖un − un−1‖2

+ [ θμn

δμn−1
+ 2η(ε + 1)

μn

μn+1
]‖un − vn−1‖2 + 2μn−1δ〈Au∗, un−1 − u∗〉

− [1 − 3θ − (δ − θ)μn

δ2μn−1
]‖un+1 − un‖2

− [ μn

δμn−1
− (δ + 1)θμn

δ2μn−1
− 2ηε2

μn

μn+1

− θμn+1

δμn
− 2η(ε + 1)

μn+1

μn+2
]‖un+1 − vn‖2

− [ μn

δμn−1
− θμn

δ2μn−1
− 2η

ε + 1

ε

μn

μn+1
]‖un − vn‖2.

(33)

Let

βn =max{ (δ + 1)θμn

δ2μn−1
+ 2ηε2

μn

μn+1
+ θμn+1

δμn
+ 2η(ε + 1)

μn+1

μn+2
,

θμn

δ2μn−1
+ 2η

ε + 1

ε

μn

μn+1
}.

(34)

Observe that

η ≤ min{ δ − (1 + 2δ)θ

2(ε2 + ε + 1)δ2
,
(δ − θ)

2δ2
ε

ε + 1
}.
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We know that

lim
n→∞(

μn

μn−1δ
− βn)

= lim
n→∞min{ μn

μn−1δ
− [ (δ + 1)θμn

δ2μn−1
+ 2ηε2

μn

μn+1
+ θμn+1

δμn
+ 2η(ε + 1)

μn+1

μn+2
],

μn

μn−1δ
− [ θμn

δ2μn−1
+ 2η

ε + 1

ε

μn

μn+1
]}.

= min{1
δ

− [ (δ + 1)θ

δ2
+ 2ηε2 + θ

δ
+ 2η(ε + 1)], 1

δ
− [ θ

δ2
+ 2η

ε + 1

ε
]}

> min{1
δ

− [ (δ + 1)θ

δ2
+ 2ηε2 + θ

δ
+ 2η(ε + 1)], 1

δ
− [ θ

δ2
+ 2η

ε + 1

ε
]}

≥ 0.

(35)

So, there exists n1 ∈ N such that

μn

μn−1δ
− βn > 0, ∀n ≥ n1.

By the facts that

2(‖un − vn‖2 + ‖un+1 − vn‖2) = ‖un + un+1 − 2vn‖2 + ‖un − un+1‖2
≥ ‖un − un+1‖2,

∀n ≥ n1, we obtain from (33) that

sn+1 ≤ sn − [1 − 3θ − (δ − θ)μn

δ2μn−1
]‖un+1 − un‖2

− [ μn

μn−1δ
− βn](‖un − vn‖2 + ‖un+1 − vn‖2)

≤ sn − [1 − 3θ − (δ − θ)μn

δ2μn−1
+ μn

2μn−1δ
− βn

2
]‖un+1 − un‖2.

(36)

Owing to limn→∞ μn = μ, we get

lim
n→∞ βn = lim

n→∞max{ (δ + 1)θμn

δ2μn−1
+ 2ηε2

μn

μn+1
+ θμn+1

δμn
+ 2η(ε + 1)

μn+1

μn+2
,

θμn

δ2μn−1
+ 2η

ε + 1

ε

μn

μn+1
}

= max{ (δ + 1)θ

δ2
+ 2ηε2 + θ

δ
+ 2η(ε + 1),

θ

δ2
+ 2η

ε + 1

ε
}

= max{ (2δ + 1)θ

δ2
+ 2η(ε2 + ε + 1),

θ

δ2
+ 2η

ε + 1

ε
}.
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Observe that

η ≤ min{2δ
2(1 − 3θ) − δ + θ − 2δθ

2δ2(ε2 + ε + 1)
,
2δ2(1 − 3θ) − δ + θ

2δ2
ε

ε + 1
}.

Then

lim
n→∞[1 − 3θ − (δ − θ)μn

δ2μn−1
+ μn

2μn−1δ
− βn

2
]

= lim
n→∞[1 − 3θ − (δ − θ)

δ2
+ 1

2δ
− βn

2
]

= min{1 − 3θ − (δ − θ)

δ2
+ 1

2δ
− (2δ + 1)θ

2δ2
− η(ε2 + ε + 1),

1 − 3θ − (δ − θ)

δ2
+ 1

2δ
− θ

2δ2
− η

ε + 1

ε
}

> min{1 − 3θ − (δ − θ)

δ2
+ 1

2δ
− (2δ + 1)θ

2δ2
− η(ε2 + ε + 1),

1 − 3θ − (δ − θ)

δ2
+ 1

2δ
− θ

2δ2
− η

ε + 1

ε
}

≥ 0.

Therefore there exists n2 ∈ N such that

tn = [1 − 3θ − (δ − θ)μn

δ2μn−1
+ μn

2μn−1δ
− βn

2
]‖un+1 − un‖2 ≥ 0, ∀n ≥ n2.

So let n0 = max{n1, n2}, we have

sn+1 ≤ sn − tn, ∀n ≥ n0.

This completes the proof.

Theorem 1 Suppose that the conditions (C1)-(C5) are satisfied and {un} is a sequence
generated by Algorithm 1. Then {un} weakly converges to a point in S.

Proof From Lemma 5, we know that

sn = ‖un − u∗‖2 − θ‖un−1 − u∗‖2 + 2θ‖un − un−1‖2

+ [ θμn

δμn−1
+ 2η(ε + 1)

μn

μn+1
]‖un − vn−1‖2 + 2μn−1δ〈Au∗, un−1 − u∗〉.

First, we need to prove that sn ≥ 0. Since

[ θμn

δμn−1
+ 2η(ε + 1)

μn

μn+1
]‖un − vn−1‖2 + 2μn−1δ〈Au∗, un−1 − u∗〉 ≥ 0,
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for any n ≥ n0, we get that

sn ≥ ‖un − u∗‖2 − θ‖un−1 − u∗‖2 + 2θ‖un − un−1‖2. (37)

By Lemma 1, we have

‖un−1 − u∗‖2 = ‖(un−1 − un) + (un − u∗)‖2
= ‖un−1 − un‖2 + ‖un − u∗‖2 + 2〈un−1 − un, un − u∗〉
≤ 2‖un−1 − un‖2 + 2‖un − u∗‖2.

(38)

So from (37), we obtain

sn ≥ ‖un − u∗‖2 − 2θ‖un−1 − un‖2 − 2θ‖un − u∗‖2 + 2θ‖un − un−1‖2
= (1 − 2θ)‖un − u∗‖2, ∀n ≥ n0.

(39)

Hence for any n ≥ n0, we have sn ≥ 0. This means that limn→∞ sn exists and
limn→∞ tn = 0. From Lemma 5, we get

lim
n→∞ ‖un+1 − un‖ = 0.

By (39), we know that the sequence {un} is bounded. At the same time, from
vn = un + δ(un − un−1) and ωn = un + θ(un − un−1), we have that

lim
n→∞ ‖vn − un‖ = lim

n→∞ ‖ωn − un‖ = 0. (40)

Therefore

‖un+1 − vn‖ ≤ ‖un+1 − un‖ + ‖vn − un‖ → 0, n → ∞. (41)

We obtain that

lim
n→∞ ‖un − u∗‖2 − θ‖un−1 − u∗‖2 + 2μn−1δ〈Au∗, un−1 − u∗〉 (42)

exists. Noticing the fact that the sequence {un} is bounded, we have unk ⊂ un and
unk⇀z ∈ H . If we have another vnk ⊂ un , then vnk⇀z. Next, we prove that z ∈ S.
By Definition 1 and monotonicity of A, we have that

0 ≤ 〈unk+1 − ωnk , v − unk+1〉 + μnk 〈Avnk , v − unk+1〉
= 〈unk+1−ωnk , v − unk+1〉+μnk 〈Avnk , v − vnk 〉+μnk 〈Avnk , vnk − unk+1〉
≤ 〈unk+1 − ωnk , v − unk+1〉 + μnk 〈Av, v − vnk 〉 + μnk 〈Avnk , vnk − unk+1〉,
∀v ∈ C .

(43)
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Let k → ∞ in (43), we get

〈Av, v − z〉 ≥ 0, ∀v ∈ C . (44)

From Lemma 2, z ∈ S. Assume that z1 is a weak cluster point of {un} and z2 is
another weak cluster point of {un}, z1 	= z2. {unk } and {unl } are two subsequences of
{un} such that unk⇀z1 and unl⇀z2. We need to prove that un⇀z. For z1, z2 ∈ S, we
get

2〈un, z2 − z1〉
= ‖un‖2 + ‖z2 − z1‖2 − ‖un − z2 + z1‖2
= ‖un‖2 + ‖z2 − z1‖2 − ‖un − z2‖2 − ‖z1‖2 − 2〈un − z2, z1〉
= ‖un − z1 + z1‖2 + ‖z2 − z1‖2 − ‖un − z2‖2 − ‖z1‖2 − 2〈un − z2, z1〉
= ‖un − z1‖2 + 2〈un − z1, z1〉 + ‖z2 − z1‖2 − ‖un − z2‖2 − 2〈un − z2, z1〉
= ‖un − z1‖2 − ‖un − z2‖2 + 2〈z2 − z1, z1〉 + ‖z2 − z1‖2
= ‖un − z1‖2 − ‖un − z2‖2 − ‖z1‖2 + ‖z2‖2.

(45)

Let un−1 = un and put it into (45), we obtain

2〈un−1, z2 − z1〉 = ‖un−1 − z1‖2 − ‖un−1 − z2‖2 − ‖z1‖2 + ‖z2‖2. (46)

Hence

2〈−θun−1, z2 − z1〉 = −θ‖un−1 − z1‖2 + θ‖un−1 − z2‖2 + θ‖z1‖2 − θ‖z2‖2.
(47)

Combining (45) and (47), we gain

2〈un − θun−1, z2 − z1〉
= (‖un − z1‖2 − θ‖un−1 − z1‖2)

− (‖un − z2‖2 − θ‖un−1 − z2‖2) + (1 − θ)(‖z2‖2 − ‖z1‖2).
(48)

By (42), we get that

lim
n→∞ ‖un − z1‖2 − θ‖un−1 − z1‖2 + 2μn−1δ〈Az1, un−1 − z1〉 (49)

and

lim
n→∞ ‖un − z2‖2 − θ‖un−1 − z2‖2 + 2μn−1δ〈Az2, un−1 − z2〉 (50)
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exist. Therefore

lim
n→∞[〈un − θun−1, z2 − z1〉 + μn−1δ(〈Az1, un−1 − z1〉 − 〈Az2, un−1 − z2〉)]

(51)

exists. Owing to limn→∞ μn = μ, we also get that

〈z1 − θ z1, z2 − z1〉 + δμ〈Az2, z2 − z1〉
= lim

k→∞[〈unk − θunk−1, z2 − z1〉
+ μnk−1δ(〈Az1, unk−1 − z1〉 − 〈Az2, unk−1 − z2〉)]

= lim
n→∞[〈un − θun−1, z2 − z1〉

+ μn−1δ(〈Az1, un−1 − z1〉 − 〈Az2, un−1 − z2〉)]
= lim

l→∞[〈unl − θunl−1, z2 − z1〉
+ μnl−1δ(〈Az1, unl−1 − z1〉 − 〈Az2, unl−1 − z2〉)]

= 〈z2 − θ z2, z2 − z1〉 + δμ〈Az1, z2 − z1〉.

(52)

This means that

(1 − θ)‖z2 − z1‖2 + δμ〈Az1 − Az2, z2 − z1〉 = 0. (53)

We know that z1, z2 ∈ S, so

〈Az1 − Az2, z2 − z1〉 = 〈Az1, z2 − z1〉 + 〈Az2, z1 − z2〉 ≥ 0. (54)

By the monotonicity of A, we have

〈Az1 − Az2, z2 − z1〉 ≤ 0. (55)

Hence

〈Az1 − Az2, z2 − z1〉 = 0. (56)

Also θ ∈ (0, 1), from (53) and (56), we attain z2 = z1. The proof is finshed.

4.2 Linear convergence

Suppose that the mapping A is γ -strongly monotone, that is, if for some γ > 0, we
have

〈Au − Av, u − v〉 ≥ γ ‖u − v‖2, ∀u, v ∈ H . (57)

Under this assumption, we carry out linear convergence analysis of theAlgorithm 1.
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Theorem 2 Suppose that the conditions (C1)-(C3) are satisfied andLipschitz constant
L > 0. Choose θ ∈ [0,∞), η ∈ (0, η), δ > 1 and ε > 0 such that 2δ2(1 − 3θ) >

δ − θ + 2δθ and 0 ≤ θ < min{2μ0γ δ,
4εηγ δ

L , δ
2δ+1 }, where

η = min
{ δ − (1 + 2δ)θ

2δ2(ε2 + ε + 1)
,
δ − (δ + 1)θ

2ε2δ2
,
δ − 3θ

2δ2
ε

ε + 1
,

2δ2(1 − 3θ) − δ + θ − 2δθ

2δ2(ε2 + ε + 1)
,
2δ2(1 − 3θ) − δ + θ

2δ2
ε

ε + 1

}
.

Suppose that {un} is a sequence, which is generated by Algorithm 1. Then {un}
linearly converges to a point in S.

Proof Let’s choose u∗ as a unique point of S. By Lemma 1, we have

‖vn − u∗‖2 = ‖(1 + δ)(un − u∗) − δ(un−1 − u∗)‖2
= (1+δ)‖un−u∗‖2−δ‖un−1−u∗‖2+δ(1 + δ)‖un − un−1‖2
≥ (1 + δ)‖un − u∗‖2 − δ‖un−1 − u∗‖2.

(58)

Combining (57) and (58), we obtain

2μn[〈Avn − Au∗, vn − u∗〉 − γ ((1 + δ)‖un − u∗‖2
− δ‖un−1 − u∗‖2 + δ(1 + δ)‖un − un−1‖2)]

= 2μn[〈Avn − Au∗, vn − u∗〉 − γ ‖vn − u∗‖2]
≥ 0.

(59)

From (21), we know that

‖un+1 − u∗‖2
≤ ‖ωn − u∗‖2 − ‖un+1 − ωn‖2 + 2μn〈Avn−1 − Avn, un+1 − vn〉

− 2μn〈Avn, vn − u∗〉 + (δ − θ)μn

δ2μn−1
‖un+1 − un‖2

+ (
θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2 + θμn

δμn−1
‖un − vn−1‖2

+ [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(60)
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Putting (59) into (60), we get

‖un+1 − u∗‖2
≤ ‖ωn − u∗‖2 − ‖un+1 − ωn‖2 − 2μnγ (1 + δ)‖un − u∗‖2

+ 2μnγ δ‖un−1 − u∗‖2 − 2μnγ δ(1 + δ)‖un − un−1‖2
+ 2μn〈Avn−1 − Avn, un+1 − vn〉 − 2μn〈Au∗, vn − u∗〉
+ (δ − θ)μn

δ2μn−1
‖un+1 − un‖2 + (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2

+ θμn

δμn−1
‖un − vn−1‖2 + [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(61)

Using (28), (29) in (61), we attain

‖un+1 − u∗‖2
≤ (1 + θ − 2μnγ (1 + δ))‖un − u∗‖2 + (2μnγ δ − θ)‖un−1 − u∗‖2

+ 2(θ − μnγ δ(1 + δ))‖un − un−1‖2 − (1 − θ)‖un+1 − un‖2
+ 2μn〈Avn−1 − Avn, un+1 − vn〉 − 2μn〈Au∗, vn − u∗〉
+ (δ − θ)μn

δ2μn−1
‖un+1 − un‖2 + (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2

+ θμn

δμn−1
‖un − vn−1‖2 + [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.

(62)

Adding (22) and (25) to (62), we know

‖un+1 − u∗‖2
≤ (1 + θ − 2μnγ (1 + δ))‖un − u∗‖2 + (2μnγ δ − θ)‖un−1 − u∗‖2

+ 2(θ − μnγ δ(1 + δ))‖un − un−1‖2 − (1 − θ)‖un+1 − un‖2

+ μn

μn+1
2η(ε + 1)‖un − vn−1‖2 + μn

μn+1
2η

ε + 1

ε
‖un − vn‖2

+ μn

μn+1
2ηε2‖un+1 − vn‖2

− 2μn(1 + δ)〈Au∗, un − u∗〉 + 2μnδ〈Au∗, un−1 − u∗〉
+ (δ − θ)μn

δ2μn−1
‖un+1 − un‖2 + (

θμn

δ2μn−1
− μn

δμn−1
)‖un − vn‖2

+ θμn

δμn−1
‖un − vn−1‖2 + [ (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2.
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Equivalently, we attain

‖un+1 − u∗‖2
≤ (1 + θ − 2μnγ (1 + δ))‖un − u∗‖2 + (2μnγ δ − θ)‖un−1 − u∗‖2

+ 2(θ − μnγ δ(1 + δ))‖un − un−1‖2 + [ (δ − θ)μn

δ2μn−1
+ θ − 1]‖un+1 − un‖2

+ [ μn

μn+1
2ηε2 + (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2

+ [ μn

μn+1
2η

ε + 1

ε
+ θμn

δ2μn−1
− μn

δμn−1
]‖un − vn‖2

+ [ μn

μn+1
2η(ε + 1) + θμn

δμn−1
]‖un − vn−1‖2

− 2μn(1 + δ)〈Au∗, un − u∗〉 + 2μnδ〈Au∗, un−1 − u∗〉.

(63)

Observe that vn − un = δ(un − un−1), we have

‖vn − un‖2 = δ2‖un − un−1‖2. (64)

Since μnγ δ(1 + δ) > 0, we know

‖un+1 − u∗‖2
≤ (1 + θ − 2μnγ (1 + δ))‖un − u∗‖2 + (2μnγ δ − θ)‖un−1 − u∗‖2

+ [ (δ − θ)μn

δ2μn−1
+ θ − 1]‖un+1 − un‖2

+ [2θ + δ2(
μn

μn+1
2η

ε + 1

ε
+ θμn

δ2μn−1
− μn

δμn−1
)]‖un − un−1‖2

+ [ μn

μn+1
2ηε2 + (δ + 1)θμn

δ2μn−1
− μn

δμn−1
]‖un+1 − vn‖2

+ [ μn

μn+1
2η(ε + 1) + θμn

δμn−1
]‖un − vn−1‖2

− 2μn(1 + δ)〈Au∗, un − u∗〉 + 2μnδ〈Au∗, un−1 − u∗〉.

(65)
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Hence from (65), we get

‖un+1 − u∗‖2
≤ (1 + θ − 2μnγ (1 + δ))‖un − u∗‖2 + (2μnγ δ − θ)‖un−1 − u∗‖2

− [1 − θ − (δ − θ)μn

δ2μn−1
]‖un+1 − un‖2

+ [ μn

μn+1
2η(ε + 1) + θμn

δμn−1
]‖un − vn−1‖2

− [ δμn

μn−1
− 2θ − θμn

μn−1
− δ2μn

μn+1
2η

ε + 1

ε
]‖un − un−1‖2

− [ μn

δμn−1
− μn

μn+1
2ηε2 − (δ + 1)θμn

δ2μn−1
]‖un+1 − vn‖2

− 2μn(1 + δ)〈Au∗, un − u∗〉 + 2μnδ〈Au∗, un−1 − u∗〉.

(66)

Thus

‖un+1 − u∗‖2 + 2μn(1 + δ)〈Au∗, un − u∗〉
+ [ μn

δμn−1
− μn

μn+1
2ηε2 − (δ + 1)θμn

δ2μn−1
]‖un+1 − vn‖2

≤ (1 + θ − 2μnγ (1 + δ))‖un − u∗‖2 + (2μnγ δ − θ)‖un−1 − u∗‖2

− [1 − θ − (δ − θ)μn

δ2μn−1
]‖un+1 − un‖2

+ [ μn

μn+1
2η(ε + 1) + θμn

δμn−1
]‖un − vn−1‖2

− [ δμn

μn−1
− 2θ − θμn

μn−1
− δ2μn

μn+1
2η

ε + 1

ε
]‖un − un−1‖2

+ 2μnδ〈Au∗, un−1 − u∗〉.

(67)

Owing to δ > 1 and 0 ≤ θ < δ
2δ+1 , we get δ

2(1 − θ) − (δ − θ) > 0, then

lim
n→∞[1 − θ − (δ − θ)μn

δ2μn−1
] = 1 − θ − (δ − θ)

δ2

= δ2(1 − θ) − (δ − θ)

δ2

> 0.

(68)
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Also, owing to η < η ≤ δ−3θ
2δ2

ε
ε+1 , we have

lim
n→∞[ δμn

μn−1
− 2θ − θμn

μn−1
− δ2μn

μn+1
2η

ε + 1

ε
] = δ − 3θ − δ22η

ε + 1

ε

> δ − 3θ − δ22η
ε + 1

ε

≥ 0.

(69)

So there exists n3 ∈ N such that δμn
μn−1

− 2θ − θμn
μn−1

− δ2μn
μn+1

2η ε+1
ε

> 0 and 1− θ −
(δ−θ)μn
δ2μn−1

> 0,∀n ≥ n3. It follows from (67) that

‖un+1 − u∗‖2 + 2μn(1 + δ)〈Au∗, un − u∗〉
+ [ μn

δμn−1
− μn

μn+1
2ηε2 − (δ + 1)θμn

δ2μn−1
]‖un+1 − vn‖2

≤ (1 + θ − 2μnγ (1 + δ))‖un − u∗‖2 + (2μnγ δ − θ)‖un−1 − u∗‖2

+ [ μn

μn+1
2η(ε + 1) + θμn

δμn−1
]‖un − vn−1‖2

+ 2μnδ〈Au∗, un−1 − u∗〉, ∀n ≥ n3.

(70)

Let

ξn = max{
μn

μn+1
2η(ε + 1) + θμn

δμn−1

μn−1
δμn−2

− μn−1
μn

2ηε2 − (δ+1)θμn−1
δ2μn−2

,
μnδ

μn−1(1 + δ)
}. (71)

We know that

lim
n→∞[

μn
μn+1

2η(ε + 1) + θμn
δμn−1

μn−1
δμn−2

− μn−1
μn

2ηε2 − (δ+1)θμn−1
δ2μn−2

]

= 2η(ε + 1) + θ
δ

1
δ

− 2ηε2 − (δ+1)θ
δ2

= 2ηδ2(ε + 1) + θδ

δ − 2ηε2δ2 − (δ + 1)θ
.

(72)

Owing to η <
δ−(δ+1)θ
2ε2δ2

and η <
δ−(1+2δ)θ
2(ε2+ε+1)δ2

, we get

0 <
2ηδ2(ε + 1) + θδ

δ − 2ηε2δ2 − (δ + 1)θ
< 1. (73)
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Therefore there exists n4 ∈ N such that

0 <

μn
μn+1

2η(ε + 1) + θμn
δμn−1

μn−1
δμn−2

− μn−1
μn

2ηε2 − (δ+1)θμn−1
δ2μn−2

< 1, ∀n ≥ n4. (74)

Let ξ = sup ξn , it is obvious that ξ ∈ (0, 1). Put n5 = max{n3, n4}, for any n ≥ n5,
let

sn = ‖un − u∗‖2,
tn+1 = [ μn

δμn−1
− μn

μn+1
2ηε2 − (δ + 1)θμn

δ2μn−1
]‖un+1 − vn‖2

+ 2μn(1 + δ)〈Au∗, un − u∗〉.

By (70), we attain

sn+1 + tn+1

≤ (1 + θ − 2μnγ (1 + δ))sn + (2μnγ δ − θ)sn−1 + ξntn

= [1 − (2μnγ (1 + δ) − θ)]sn + (2μnγ δ − θ)(2μnγ (1 + δ) − θ)

2μnγ (1 + δ) − θ
sn−1 + ξntn .

(75)

Let ρ = limn→∞(2μnγ (1 + δ) − θ). Owing to 0 ≤ θ < min{2μ0γ δ,
4εηγ δ

L } ≤
2μnγ δ, then ρ > 0. Therefore, there exists n6 ∈ N and σ ∈ (0, 1) such that

(2μnγ δ − θ)(2μnγ (1 + δ) − θ)

2μnγ (1 + δ) − θ
≤ σρ < ρ, ∀n ≥ n6. (76)

We know that μn+1 ≤ μn , let n7 = max{n5, n6}, then we obtain from (75) that

sn+1 + tn+1 ≤ (1 − ρ)sn + σρsn−1 + ξ tn, ∀n ≥ n7. (77)

Let r = max {σ, ξ}, then r ∈ (0, 1). Thus we obtain

sn+1 + tn+1 ≤ (1 − ρ)sn + rρsn−1 + r tn, ∀n ≥ n7.

Therefore, by Lemma 4, we have that {un} linearly converges to a point in S. This
completes the proof.

5 Modified algorithm

If appropriate parameters are selected, Algorithm 1 is able to effectively accelerate
the convergence speed, but the main shortcoming of Algorithm 1 is that it can not
completely restore some special algorithms in the literature. Therefore, we are going
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to do the following improvements and optimize our algorithm. The conditions (C1)-
(C3) of Algorithm 1 are still established, in this situation, we add two additional
parameter conditions (C6) and (C7):

(C6) δ > 0, ε > 1.
(C7) θ ∈ [0,∞), 0 ≤ θ < δ

2δ+1 and 2δ2(1 − 3θ) > δ − θ + 2δθ .
Then, we provide a new modified algorithm as below:

Algorithm 2Modified projected reflected gradient method with adaptive step size.
Initialization: Let μ0 > 0 and set n := 0. Assume

η = min{ δ − (1 + 2δ)θ

2δ2(ε2 + ε)
,
(δ − θ)

2δ2
ε − 1

ε
,

2δ2(1 − 3θ) − δ + θ − 2δθ

2δ2(ε2 + ε)
,
2δ2(1 − 3θ) − δ + θ

2δ2
ε − 1

ε
},

choose η ∈ (0, η) and Let u0 ∈ C, v0, ω0 ∈ H be any three starting points.
Iterative Steps: un+1 is determined via the previous vn and ωn as follows:
Step 1. Compute ⎧⎨

⎩
un+1 = PC (ωn − μn Avn),

vn+1 = un+1 + δ(un+1 − un),

ωn+1 = un+1 + θ(un+1 − un).

(78)

If we have ωn = vn = un+1, then Stop. Conversely, go to Step 2.
Step 2. Let

ρn := ε‖vn−1 − un‖2 + ε

ε − 1
‖un − vn‖2 + ε2‖un+1 − vn‖2,

and turn the original step size into a new

μn+1 =
{

μn , if〈Avn − Avn−1, vn − un+1〉 ≤ 0,

min{ ηρn〈Avn−Avn−1,vn−un+1〉 , μn}, otherwise.

Step 3. Next: set n := n + 1 and go to Step 1.

Remark 2 Using the ideas of proof, which are similar to Algorithm 1, we can attain
the weak convergence and linear convergence of Algorithm 2 without striking a blow.

Remark 3 Algorithm 2 is simplified to Algorithm 1 in [18], when θ = 0 and ε = √
2.

Also, Algorithm 2 can be restored to Algorithm 1 in [11], only when ε = √
2. If

we choose θ = 0, δ = 1 and ε = √
2, we can get Algorithm 3.1 in [7]. And then

Algorithm 2 can be an extension of the other two algorithms in [8] and [9].

Remark 4 It is evident to discover that we can make numerous accelerated improve-
ments and repeatedly optimize our algorithm by analogizing the step size rules of
Algorithms 1 and 2. Meanwhile, those improvements are of great significance.
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6 Numerical experiments

In this section, we present two numerical tests occurring in finite- and infinite-
dimensional real Hilbert spaces to demonstrate the computational efficiency of the
proposed algorithm and compare it with some recent algorithms in the literature [9, 11,
18]. All the programs were implemented in MATLAB 2018a on a Intel(R) Core(TM)
i5-8250S CPU @1.60GHz computer with RAM 8.00 GB.

Example 1 Consider the linear operator A : Rm → R
m (m = 20) in the form

A(u) = Mu + q,

where q ∈ R
m and M = NN T + Q + D, N is a m × m matrix, Q is a m × m skew-

symmetric matrix, and D is a m × m diagonal matrix with its diagonal entries being
nonnegative (hence M is positive symmetric definite). The feasible set C is given by

C = {
u ∈ R

m : −2 ≤ ui ≤ 5, i = 1, . . . ,m
}
.

It is clear that A is monotone and Lipschitz continuous with constant L = ‖M‖. In
this experiment, all entries of N , Q are generated randomly in [−2, 2], D is generated
randomly in [0, 2] and q = 0. It is easy to check that the solution of the variational
inequality problem is u∗ = 0. Take ε ∈ {1, 2, 3, 4}, θ = 0.05, δ = 1.1, η = 0.99η̄,

0 100 200 300 400 500 600 700 800 900 1000
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10-1

100

101

Fig. 1 Numerical results of our Algorithm 1 with different parameters ε for Example 1
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and μ0 = 0.01 for our Algorithm 1(denoted as Alg.3.1). The maximum number of
iterations 1000 is used as a stopping criterion. Figure1 shows the numerical behavior
of Dn = ‖un − u∗‖ of our Algorithm 1 with different parameter ε.

Next, we compare the proposed Algorithm 1 with some related algorithms in the
literature [9, 11, 18]. The parameters of these methods are set as follows.

– Our Algorithm 1: ε = 1, θ = 0.05, δ = 1.1, η = 0.99η̄, and μ0 = 0.01.
– Iyiola and Shehu’s Algorithm 1 (abbreviated as IS Alg. 1) [11]: θ = 0.05, δ = 1.1,

μ = 0.99μ̄, and λ0 = 0.01.
– Thong,Gibali andVuong’sAlgorithm1 (abbreviated asTGVAlg. 1) [18]: θ = 0.6,

μ = 0.99μ̄, and λ0 = 0.01.
– Dong, He and Liu’s Algorithm 1 (abbreviated as DHL Alg. 1) [9]: θ = 0.04,

δ = 1.1, α = 0.99ᾱ, and λ0 = 0.01.

The numerical results of the proposed Algorithm 1 and the comparison algorithms
are shown in Fig. 2.

Example 2 In this example, we consider our problem in the infinite-dimensional
Hilbert space H = L2([0, 1]) with inner product

〈u, v〉 :=
∫ 1

0
u(t)v(t)dt, ∀u, v ∈ H ,

0 100 200 300 400 500 600 700 800 900 1000
Number of iterations
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100

101

Fig. 2 Numerical results for all algorithms in Example 1
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and norm

‖u‖ :=
(∫ 1

0
|u(t)|2dt

)1/2

, ∀u ∈ H .

Let the feasible set be the unit ball C := {u ∈ H : ‖u‖ ≤ 1}. Define an operator
A : C → H by

(Au)(t) =
∫ 1

0
(u(t) − G(t, s)g(u(s))) ds + h(t), t ∈ [0, 1], u ∈ C,

where

G(t, s) = 2tset+s

e
√
e2 − 1

, g(u) = cos u , h(t) = 2tet

e
√
e2 − 1

.

It is known that A is monotone and L-Lipschitz continuous with L = 2. The projection
on C is inherently explicit, that is,

PC (u) =
{ u

‖u‖ , if ‖u‖ > 1 ;
u, if ‖u‖ ≤ 1 .

Through a straightforward calculation, we know that the solution of the variational
inequality problem is u∗(t) = 0. Choose ε ∈ {1, 2, 3, 4}, θ = 0.01, δ = 1.1, η =
0.99η̄, μ0 = 1, and u0(t) = ω0(t) = v0(t) = v−1(t) = 10 sin(t) for our Algorithm 1.

0 5 10 15 20 25 30 35 40 45 50
Number of iterations

10-7

10-6

10-5

10-4

10-3

10-2

10-1

100

Fig. 3 Numerical results of our Algorithm 1 with different parameters ε for Example 2
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Fig. 4 Numerical results for all algorithms in Example 2

The maximum number of iterations 50 is used as a stopping criterion. Figure3 shows
the numerical behavior of Dn = ‖un(t) − u∗(t)‖ of our Algorithm 1 with different
parameter ε.

Next, we compare the proposed Algorithm 1 with some known algorithms in the
literature [9, 11, 18]. The parameters of all algorithms are set as follows.

– Our Algorithm 1: ε = 0.5, θ = 0.01, δ = 1.1, η = 0.99η̄, and μ0 = 1.
– Iyiola and Shehu’s Algorithm 1 (abbreviated as IS Alg. 1) [11]: θ = 0.1, δ = 1.1,

μ = 0.99μ̄, and λ0 = 1.
– Thong,Gibali andVuong’sAlgorithm1 (abbreviated asTGVAlg. 1) [18]: θ = 0.6,

μ = 0.99μ̄, and λ0 = 1.
– Dong, He and Liu’s Algorithm 1 (abbreviated as DHL Alg. 1) [9]: θ = 0.04,

δ = 1.1, α = 0.99ᾱ, and λ0 = 1.

The maximum number of iterations 50 is used as a common stopping criterion
for all algorithms. With four different initial points, the numerical behavior of Dn =
‖un(t) − u∗(t)‖ of all algorithms is described in Fig. 4.

We have the following observations for Examples 1 and 2.

1. From Figs. 1, 2, 3, and 4, it can be seen that the error Dn of the proposed Algorithm
1 converges to 0 as the number of iterations increases, which indicates that the
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sequence of iterations generated by the proposed Algorithm 1 converges to the
solution of the problem.

2. Our Algorithm 1 has a faster convergence speed when the appropriate parameters
ε are chosen, as shown in Figs. 1 and 3. Therefore, a suitable parameter ε can be
chosen to improve the convergence speed of the algorithm in practical applications.

3. It can be seen from Figs. 2 and 4 that our proposed Algorithm 1 has a faster
convergence speed than some known algorithms in the literature [9, 11, 18] in the
case of choosing some suitable parameters and that these results are not related to
the choice of initial values.

4. Notice that our Algorithm 1 can work adaptively without knowing the prior infor-
mation about the Lipschitz constants of the operators involved. If the Lipschitz
constants of the involved operators are unknown, the fixed-step algorithms pro-
posed in the literature [7, 20] for solvingmonotone variational inequality problems
will not be available. Thus, the adaptive algorithm presented in this paper has a
broader range of applications.

In conclusion, the algorithm proposed in this paper is efficient and robust.

7 Conclusions

In thiswork,wepresent a commonversionof projected reflected gradientmethod about
solving variational inequalities in real Hilbert spaces. We certify that the sequence
formed by our method converges weakly to a solution of the VIP. Linear convergence
theorems are gained on the condition that the mapping A is strongly monotone. Also,
we innovate a modified algorithm superior to our own algorithm under corresponding
conditions. Numerical experiments that can show the efficiency and applicability of
our methods are given in detail.
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